12. Virtual work in the continuum

" Learning Objectives
After completing this chapter, you should be able to:

o Write the internal virtual work of a continuum, dW; .

= fv o:dedV
e Derive the equilibrium equations V -o + f = 0 and the traction boundary condition
{ = ¢ -7 from the principle of virtual work

¢ Recognize stress and strain as a conjugate pair and recover the beam case

We have now taken the first two steps for the continuum. Chapter 9 gave the equilibrium of
an infinitesimal volume element,

o, tfi=0 inV, o;;n; =1y, on the loaded surface,

and Chapter 11 gave the kinematics, the strain tensor
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In this chapter we take the third step, exactly as for the rigid body (Chapter 3) and for the
beam (Chapter 6): we write down the principle of virtual work and derive the equilibrium
equations from it once more. Along the way we learn that stress and strain form a conjugate
pair, and we see that the beam theory of Chapter 6 is a special case of the continuum.

Virtual work of a continuum

Virtual displacement fields

A virtual displacement of a continuum is a vector field 0% (7): an imagined, infinitesimal
displacement of every material point that is compatible with the supports. We split the surface
S of the body into the part S, where displacements are prescribed (supports) and the part
S, where tractions #,, are prescribed (loads, or free surfaces with #, = 0). Admissible virtual



displacements vanish on S,,. The virtual strain follows from the same kinematic relation as
the real strain,
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Internal virtual work

Consider a small cube of volume dV'. The stress o, acts on the two faces normal to z; if the
cube is stretched by the virtual strain de,,, these faces move apart by d¢,, dz and the work is
0., dydz - de,, de = 0, dc,, dV. The same holds for every component, so the internal virtual
work per unit volume is o;; d¢;; (sum over 7 and j). For the whole body,
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Stress and strain are a conjugate pair, just like NV and ¢, @) and v, M and x for the beam.

Because ¢ is symmetric, only the symmetric part of the displacement gradient contributes:
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since the double contraction of a symmetric with an antisymmetric tensor vanishes. Rotations
do no internal work — the continuum analogue of 6W; = 0 for the rigid body.

External virtual work

External loads are the body force f (per unit volume) and the surface traction fo on S;:
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! Principle of virtual work (continuum)

A body is in equilibrium if and only if
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for every virtual displacement field éu that vanishes on S,,.

As for beams, the principle uses only equilibrium and kinematics and holds for any material.



Equilibrium from virtual work

We again move the derivative from the virtual displacement onto the stress, now with the
product rule in 3D,

O-ij 5“1,3 - (UZ] 5’[1/1)7] - 0—1‘77] 5ui,

and convert the first term into a surface integral with the divergence theorem of Chapter 9:
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This is the 3D version of integration by parts. The internal virtual work becomes
s 1%
Inserting into the principle of virtual work, and using éu = 0 on S,,,

_ o+ f;) ou, dV + o;n; —ty,;)ou;dA = 0.
g 3,7 g 3t ,

Since du is arbitrary inside V' and on .S, both brackets must vanish:

o;;tfi=0 inV, o,im; =1

i T on S,.
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These are the equilibrium equation of the volume element and the traction boundary condition
of Chapter 9. On every part of the surface and in every direction, we prescribe either the
displacement or the traction — the same rule as for the ends of a beam.

Rigid virtual displacements

If we choose a rigid virtual displacement, du = i, + 86 x 7, the virtual strain vanishes and
so does 6W,,,. The principle then states that the total external force and moment vanish —
the equilibrium of the whole body of Chapters 1 and 3. Virtual work therefore contains the
global equilibrium (rigid virtual displacements) and the local equilibrium (arbitrary virtual

displacements) in a single statement.

Back to beams

We can now see where the beam theory comes from. Let the beam axis be x, with z pointing
downward and the cross-section rotating by ¢ (Chapter 5). If the cross-section stays plane, a
point at depth z moves by

uy(z,2) = u(x) + z p(x), u,(x, z) = w(x).



(A positive, counterclockwise rotation moves points below the axis, z > 0, in the +z direction.)
The non-zero strains are
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The 3D strain contains exactly the three beam strains of Chapter 5. Inserting the virtual
counterparts into the internal virtual work and integrating over the cross-section A,
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This is the internal virtual work of Chapter 6, and the internal forces appear automatically
as the stress integrals of Chapters 9 and 10. The beam is a continuum with a restricted
(plane-section) kinematics; its conjugate pairs are inherited from o—.

@ Outlook: elastic energy

For a linear elastic material, o = C : ¢ (Chapter 13), and the work stored per unit volume
is %g : g, the continuum version of %M x that led to the elastic energy of a beam in
Chapter 8. Virtual work and elastic energy are the basis of most numerical methods in
solid mechanics, such as the finite element method.

1 Chapter Summary
This chapter applied the principle of virtual work to the continuum:

e Virtual strain: d¢;; = %((MM +du; ;) for a virtual displacement field that vanishes
on the supported surface S,

o Internal virtual work: W, , = fvg : 0e dV; stress and strain are a conjugate
pair; rotations do no internal work

« Principle of virtual work: [ o;;0e;;dV = [ f;6u;dV + fSt to.0u; dA

 Equilibrium: the divergence theorem gives o;; ; + f; =0 in V and o;;n; =%, , on
S,

e Rigid virtual displacements give the global equilibrium of the body

o Beams: with plane-section kinematics u, = u 4 2, u, = w, the continuum virtual
work reduces to [(Nde + Qo + Mdy) dz
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