4. Internal forces in beams

@ Learning Objectives
After completing this chapter, you should be able to:

o Construct free body diagrams to identify internal forces (N, @, M) at hypothetical
cuts

o Derive the differential relationships ¢ = —d@Q/dz and @Q = dM/dz from the
equilibrium of an infinitesimal beam element

¢ Describe concentrated forces and moments with the Dirac delta and the Heaviside
step function

e Integrate distributed and concentrated loads with boundary conditions to sketch
shear force and bending moment diagrams

Free body diagrams

Free body diagrams provide a way to compute forces acting inside the body (internal force
variables). By definition, an internal force variable is the resultant of all internal forces in
a solid body at a hypothetical cut through the body (Figure 1). If we imagine cutting the
body in equilibrium along some line, we technically create two fragments that are no longer
in equilibrium. Therefore we need to introduce additional forces on the cut to restore the
equilibrium and balance the forces. For a 2D system we can distinguish three resultants on the
cut: normal force N (perpendicular to cut), shear force @) (parallel to the plane of cut) and
bending moment M (perpendicular to the 2D area of force system). Together with reactions,
internal force variables can be determined using a free body diagram.

By hypothetically splitting the beam into two fragments, we add six internal force variables on
the cut (three for left and three for right) that balance both fragments. To keep the whole
body in equilibrium after “gluing” these two fragments back, the internal force variables on the
left and right should have the same amplitude and opposite directions. Therefore, by cutting
the beam, we increase the number of bodies to n = 2, however, we also add three internal
constraints, therefore keeping D constant.
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Figure 1: Internal forces at a hypothetical cut through the body. Note that forces and moment
on left and right sides of the cut compensate each other to maintain equilibrium.

1 Note

To correctly operate with internal force variables, we need to agree on non-ambiguous
sign conventions (Figure 2). We will obey the following rules

e Internal forces are positive if the directions on left-hand side and right-hand side
of the beam are according to Figure (a), and negative otherwise;

o Normal forces are positive if they elongate the beam (b);
o Shear forces are positive if the cross-section of the beam slides downward (c);

e Bending moments are positive if the bottom of the beam is in extension and the
top in compression (d).
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Figure 2: (a) Sign conventions for normal force N, shear force @ and bending moment
M. Deformations caused by (b) normal force, (c) shear force and (d) bending
moment.

For illustration, let’s consider an example of a beam with length a, that is fixed on the left
end and subjected to an inclined point load F' on the right end (Figure 3). We search for the
reaction forces as well as internal forces in the middle point of the beam. Simply balancing
forces and moments we get

X, =F/V2

Z, =F/V2

M, = —Fa/V?2
To find the internal forces and moments at the middle of the beam, we need to cut the beam

into two fragments, introduce two reaction forces X, and Z, and one reaction moment M, to
preserve equilibrium. Finally, by balancing the forces for both fragments we get

X, =F/V2
Fa
=m0

Internal force variables

In the previous section, we considered internal forces appearing on the hypothetical cuts.
Here we continue discussing internal force variables but with a focus on describing them as a
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Figure 3: Reaction forces and moments in the beam fixed on the left side and subjected to
inclined point load on the right.

continuous function of the position along the body. From the previous example (Figure 3), we
know how to find the internal forces in the middle of the beam (Equation 1). However, we can
also perform the same procedure for any other section of the beam. Therefore, it makes sense
to consider the reaction forces and moments as functions of the coordinate along the beam
length (Figure 4).
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Figure 4: (a) Free body diagram for a beam with intermediate cut. (b) Internal forces and
moments diagrams as functions of coordinate x.

Let us consider a cut located at the distance x from the left hinge/wall (Figure 4). By balancing



forces and moments acting on the left and right fragments, it is easy to show that

N(z) = F/\V?2
Q(z) = F/V2 2)
F(a—x)

V2

Therefore, both longitudinal and shear forces are constant functions of the coordinate x, while
moment linearly decreases with an increase in x.

M(z) =—

Distributed loads

Prior to this moment, we have considered only idealized point forces. Now we will consider
loads distributed along the region of the body (line loads). We will learn how to search for
internal forces without exact knowledge of the reaction forces by writing the equilibrium of an
infinitesimal beam element.

1 Note

In our next derivations, we will heavily rely on a very useful mathematical concept of
Taylor expansion of the function. If we have arbitrary function f(x), then we can try to
approximate it in the vicinity of point z, using a polynomial function. So we can find
the approximate value of f(x 4+ Ax) just knowing the properties of the function in the
point x,. We will skip the strict mathematical discussion of the necessary conditions and
restrictions on function f and value of Az, and just claim that for a small enough Ax
and well-behaved function f, the Taylor expansion provides a good approximation of f.
For example, the second order approximation of f(x + Ax) can be expressed as

flxg + Ax) = f(xg) + Az f'(x0) + %Aﬁf”(wo) +0(Az?) (3)

In shorter form the general Taylor expansion can be written as
oo 1
Ax)=> = ! 4
f(zy + Az) 2 o (4)

Note, that f(¥) means i—th derivative of the function, while Az is a regular power. In
the following, we will use the expression dx for (very) small Az, small enough that we
can omit all terms (dz)? and higher order. The increment dz is sometime called an
infinitesimal increment.

Let us consider a straight beam subjected to line load that can be expressed as a function
of the coordinate ¢(x) (Figure 5). We select a very small (infinitesimal) beam element of
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Figure 5: (a) A beam subjected to distributed load. (b) Infinitesimal fragment of beam and
corresponding forces.

length dx stretching from coordinate x to 4+ dz. Note that here we use dz instead of Az to
emphasize the infinitesimal length of this piece. Since (dz)? <« dx, and we can use the first
order Taylor expansion to find the change in total applied force between left and right ends
of the selected beam as dF' = g(z)dz. Let us now write equilibrium equation for the small

piece, taking into account that we can express the shear force and moment on the right side as
Q(x +dx) = Q+dQ and M(xz + dx) = M + dM, respectively, yielding

Q(z) +dQ = Q(z) — q(z)dz.
We also can write Taylor expansion of Q(x) at = as

Q(z)+dQ = Q(x) + gdx + ..

By comparing coefficients in these two equations, we conclude that

o) = 52 (5)

This equation establishes the relation between line load and internal shear force in the body.
To balance moments, we write

M(z) +dM = M(z) + Q(z)dz.

Similar to force, we can obtain the first order Taylor expansion and get

dM
Qz) =~

Governing equations

The governing equations for static equilibrium of a beam are therefore

o) =~ and Q)

—aw
- dz |




To solve for the internal forces inside a beam, we need to solve this system of differential
equations.

A simple solution procedure is separation of variables. This leads to the generic solution
Q@) =~ [ ata)da + €,

(6)

M(x) = /Q(x)dx + Cs.
Integration constants C; and C, have to be found from boundary conditions at bearings and
intermediate conditions at connections between body parts. Boundary conditions depend
on the bearing type. For example, simple hinge implies M = 0, and free end provides two
boundary conditions M = 0 and @ = 0 simultaneously. Note that by computing shear force
and moment via integration (Equation 6), we do not need to calculate bearing reactions at all.
If we recall the different types of hinges, we can notice that each degree of freedom corresponds
to additional equality boundary conditions that can be used to find integration constants
(Equation 6).

Example: Fixed cantilever

Consider a cantilever beam of length L fixed at the left end (x = 0) and free at the right end
(x = L), subjected to a constant downward distributed load ¢, (load per unit length).

import numpy as np
import matplotlib.pyplot as plt
from matplotlib.patches import FancyArrowPatch, Rectangle, Polygon

fig, ax = plt.subplots(figsize=(7, 3))

# Beam dimensions
L=1.0
beam_height = 0.08

# Define colors
load_color = '#008fe0'
beam_color = '#cccccc!
support_color = '#7f7f7f'

# Draw the beam
beam = Rectangle((0, -beam_height/2), L, beam_height,
facecolor=beam_color, edgecolor='black', linewidth=2)



ax.add_patch(beam)

# Draw the fixed support (hatched wall)

wall _width = 0.05

wall_height = 0.3

wall = Rectangle((-wall_width, -wall_height/2), wall_width, wall_height,
facecolor=support_color, edgecolor='black', linewidth=1.5, hatch='///")

ax.add_patch(wall)

# Draw distributed load arrows (pointing down = positive z direction)
n_arrows = 12
arrow_spacing = L / (n_arrows + 1)
arrow_length = 0.15
for i in range(l, n_arrows + 1):
X_pos = 1 * arrow_spacing
ax.annotate('', xy=(x_pos, -beam_height/2),
xytext=(x_pos, -beam_height/2 - arrow_length),
arrowprops=dict (arrowstyle='->', color=load_color, lw=1.5))

# Draw the distributed load line

ax.plot([arrow_spacing, n_arrows * arrow_spacing],
[-beam_height/2 - arrow_length, -beam_height/2 - arrow_length],
color=load_color, linewidth=2)

# Label the distributed load
ax.text(L/2, -beam_height/2 - arrow_length - 0.05, r'$q_0$',
fontsize=14, ha='center', va='top', color=load_color)

# Draw dimension line for L
dim_y = 0.15
ax.annotate('', xy=(0, dim_y), xytext=(L, dim_y),
arrowprops=dict (arrowstyle='<->', color='black', lw=1.5))
ax.text(L/2, dim_y + 0.04, r'$L$', fontsize=14, ha='center')

# Draw x-axis arrow and label
ax.annotate('', xy=(1.15, 0), xytext=(0, 0),

arrowprops=dict (arrowstyle='->', color='black', lw=1.5))
ax.text(1.18, 0, r'$x$', fontsize=14, va='center')

# Draw z-axis arrow (pointing down)
ax.annotate('', xy=(0, -0.25), xytext=(0, 0),
arrowprops=dict (arrowstyle='->', color='black', lw=1.5))



ax.text(0.03, -0.28, r'$z$', fontsize=14, ha='left')

# Label the ends
ax.text (0, 0.25, r'$x=0$', fontsize=12, ha='center')
ax.text(L, 0.25, r'$x=L$', fontsize=12, ha='center')

ax.set_x1im(-0.15, 1.3)
ax.set_ylim(-0.35, 0.35)
ax.set_aspect('equal')
ax.axis('off"')

plt.tight_layout ()
plt.show()
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Figure 6: Cantilever beam with fixed support at the left end and uniform distributed load g.

The setup is shown in Figure 6. Our goal is to find how the internal shear force Q(x) and
bending moment M (z) vary along the length of the beam. We will use the integration method
developed above

The distributed load is constant along the beam: ¢(x) = ¢,. This load acts in the positive
z-direction (downward). Before we can integrate, we need to know what conditions apply at
the ends of the beam. At the fixed end (x = 0), the wall provides whatever reaction forces are
needed to hold the beam in place—we don’t know Q(0) or M (0) in advance, as these are what
we're trying to find. At the free end (z = L), there is nothing to the right of this point, so no



forces or moments can be transmitted. This gives us: Q(L) =0 and M (L) = 0. The free end
boundary conditions are the key to solving this problem.

We start by finding the shear force Q(x). We use the relationship between distributed load
and shear force from Equation 5:

4@ _

dx —q(z) = —qq

To find Q(x), we integrate both sides with respect to x:
Q@) = [aydo =z + €, 7)

Here () is an integration constant that we must determine from the boundary condition. We
know that at the free end, the shear force must be zero: Q(L) = 0. Substituting = L into
Equation 7:

QL) =—qL+C, =0

Solving for C:
Cy =qL

Now we substitute this back into Equation 7 to get the complete solution:
Q(z) = —qoz + goL = ¢o(L — )

At x =0 (fixed end), we get Q(0) = ¢y L. This makes sense: the total distributed load on the
beam is ¢, x L, and all of this load must be transferred to the wall through the shear force at
the fixed end. At 2 = L (free end), we get Q(L) = 0, which satisfies our boundary condition.

Next we find the bending moment M (x). We use the relationship between shear force and
bending moment from Equation 6:

= Q) = gyl — )

Integrating both sides:

M(z) = /qO(L—x)d:U:qO (Lx—x;) + 0,

Again, we have an integration constant C, to determine. At the free end, the bending moment
must be zero: M (L) = 0. Substituting z = L:

L? L2 12
M(L) = qq (L~L—2)+02=qO (L2—2)+02:q02 +Cy=0

10



Solving for Cy:

Substituting back:

2 LZ 2 L2
M(z) = qo (Lw—x) By, (Lx—x—)

This expression can be simplified by factoring. Notice that:

x? L 1 1
Le—2 2 (12— 2Le 4 I2) = —~(L—x)?
T 5 2(x x+ L?) 2( x)

Therefore:
M(x) = (L —2)*

At x = L, we get M (L) =0 as required. At z = 0, we get M(0) = —%. The negative sign
indicates that the top of the beam is in tension and the bottom in compression (the beam is
hogging), which is the expected behavior for a cantilever with downward loading.

Both shear force and moment diagrams are shown in Figure 7.

import numpy as np
import matplotlib.pyplot as plt

# Normalized coordinates (x/L) and normalized load (q0 = 1, L = 1)
x = np.linspace(0, 1, 100)

# Shear force: Q(x) = q0 * L * (1 - x/L) = qO0*L * (1 - xi) where xi = x/L
# Normalized: Q / (qO*L)
Q_normalized = 1 - x

# Bending moment: M(x) = -q0/2 * (L - x)72 = -q0*L"2/2 * (1 - x/L)"2
# Normalized: M / (q0*L~2)
M normalized = -0.5 * (1 - x)**2

fig, (axl, ax2) = plt.subplots(2, 1, figsize=(7, 5), sharex=True)
# Shear force diagram
ax1l.fill_between(x, O, Q_normalized, alpha=0.3, color='blue')

axl.plot(x, Q_normalized, 'b-', linewidth=2)
axl.axhline(y=0, color='k', linewidth=0.5)

11



axl.set_ylabel(r'$Q / (q_0 L)$")
axl.set_title('Shear Force Diagram')
axl.set_ylim(-0.1, 1.2)
axl.grid(True, alpha=0.3)

# Bending moment diagram

ax2.fill_between(x, O, M_normalized, alpha=0.3, color='red')
ax2.plot(x, M_normalized, 'r-', linewidth=2)
ax2.axhline(y=0, color='k', linewidth=0.5)
ax2.set_xlabel(r'$x / L$')

ax2.set_ylabel(r'$M / (q_0 L"2)$")

ax2.set_title('Bending Moment Diagram')

ax2.set_ylim(-0.6, 0.1)

ax2.grid(True, alpha=0.3)

plt.tight_layout ()
plt.show()
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Figure 7: Shear force and bending moment diagrams for a cantilever beam with uniform

distributed load ¢,.

Key observations:

1.

Shear force: The shear force varies linearly from Q(0) = ¢, L (fixed end) to Q(L) =0
(free end)

Bending moment: Parabolic variation with maximum magnitude at the fixed end:

e Atz =0: M(0) = —q°2L2 (maximum bending moment, negative per sign convention)
o Atz =L: M(L)=0 (free end)

. Physical interpretation: The negative moment indicates tension at the top fiber

and compression at the bottom fiber, which is the expected deformation pattern for a
cantilever under a downward load.

. Total load: The total downward load is ¢,L, which equals the reaction shear force at

the fixed end, confirming our solution.



Concentrated loads: Dirac delta and Heaviside step

The governing equations ¢ = —dQ/dz and Q = dM /dxz were derived for a distributed load
q(z). A point force F' acting at x = a can be seen as the limit of a distributed load that is
concentrated on an ever smaller interval around a, while its integral stays equal to F'. This
limit is described by the Dirac delta §(x), defined by

d(z)=0 foraxz#0, /Ooé(x)dmzl.

A point force F' at x = a is then the line load

q(x) = Fo(x —a), /q(az)d$:F.

The integral of the Dirac delta is the Heaviside step function

G(ac—a)—/:oé(y—a)dy_{(ll 2§2’ de(i;im_@_é(x—a).

With these two functions, point forces can be treated with exactly the same integration
procedure as distributed loads, and a single expression for Q(z) and M (x) holds along the
whole beam.

Example: cantilever with a point force

Consider a cantilever of length a, clamped at x = 0 and free at x = a, loaded by a downward
force F' at x = 2a/3. The line load is q(z) = F §(x — 2a/3). Integrating dQ/dz = —q gives

Q($)201—F9($_2£)'

3
At the free end Q(a) = 0, hence C; = F and
Q) = Fl1—0(a—2)].
Integrating dM /dz = Q, using [ 0(x —b)dz = (x —b) 6(z — b), gives
M(x) :Fx—F(:L'—%a)Q(x—%a) + Cs.
The free end has M(a) =0, i.e. Fa— Fa/3 4+ Cy =0 and Cy = —2aF' /3. Therefore

M(z) = F(z— %) [1-0(z—3)].

The shear force is constant (QQ = F') between the wall and the force and zero beyond it. The
bending moment grows linearly from M (0) = —2aF'/3 at the wall to zero at the load and stays
zero up to the free end (Figure 8).
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import numpy as np
import matplotlib.pyplot as plt

x = np.linspace(0, 1, 601) #x/ a

xF = 2/3

theta = (x > xF).astype(float)

Q = 1 - theta #Q/F

M= (x - xF) * (1 - theta) # M/ (F a)
fig, (axl, ax2) = plt.subplots(2, 1, figsize=(7, 4.5), sharex=True)
axl.fill_between(x, 0, Q, alpha=0.3, color='blue', step='pre')
axl.plot(x, Q, 'b-', lw=2)

axl.axhline(0, color='k', 1lw=0.5)
axl.set_ylabel(r'$Q / F$')

axl.set_ylim(-0.2, 1.3)

axl.grid(True, alpha=0.3)

ax2.fill_between(x, O, M, alpha=0.3, color='red')
ax2.plot(x, M, 'r-', lw=2)

ax2.axhline(0, color='k', 1lw=0.5)

ax2.axvline(xF, color='gray', ls='--', lw=1)
ax2.set_xlabel(r'$x / a$')

ax2.set_ylabel(r'$M / (F a)$"')

ax2.grid(True, alpha=0.3)

plt.tight_layout ()

plt.show()
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Figure 8: Shear force and bending moment of a cantilever (length a) with a point force F' at
x = 2a/3. The shear force jumps by —F under the force; the bending moment has a
kink.

Jumps in the internal forces

Integrating d@/dx = —q over a small interval around a point force F' at x = a gives

+

Q(a*) — Qa~) = — / Fo(z—a)ds = —F.

a

The shear force jumps by —F under a (downward) point force, and the jump at a
support equals the reaction force. The bending moment is the integral of a function with a
jump; it remains continuous but has a kink (a jump in its slope).

The same reasoning applies to a concentrated moment. If the beam carries a distributed
external couple m(x) per unit length, counted positive in the same rotational sense as the
bending moment on the right (positive) face of the beam element, the moment balance of the
element becomes

dM
e Q(z) —m(x).
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A concentrated couple C at x = a is the “lumped” distributed couple m(x) = C §(z — a), and
the bending moment jumps by —C' at © = a. A couple applied at the end of a beam does not
need this machinery: it simply enters as a boundary condition, e.g. M (L) = C.

Statically determinate and overconstrained beams

The integration method does not require the support reactions: they come out as jumps
of @ (and M) at the supports. The two integration constants C; and C, are fixed by two
static boundary conditions (on @ or M). If the beam has more supports than necessary —
for example a cantilever with an additional roller — the reaction of the extra support is an
unknown jump of ) that equilibrium alone cannot determine. Such a beam is hyperstatic;
we need the deformation of the beam to solve it (Chapter 8).

Resultant of a distributed load

For computing reactions it is often convenient to replace a distributed load by a single
equivalent force. The equivalent force F, must have the same resultant and the same moment
as the distributed load. For a load ¢(z) acting on 0 < x < ¢,

‘ ‘ [ a(z)zda
Fe:/ q(x)d:c, Fe‘re:/ q(:z;)gjdx = xezogi-
0 0 j(; q(r)dx

The equivalent force equals the area under the load diagram and acts at its centroid. Two
common cases:

Load F, Z,
Uniform, ¢(z) = ¢, a0l 02

Triangular, ¢(x) = gyx/l qul/2 2¢/3

For the cantilever of length ¢ under uniform load ¢, the equivalent force g,¢ acts at £/2; the
clamp therefore provides the reaction force R = gy¢ and the reaction moment Mp = —q,¢?/2,
in agreement with the integration in the example above.

Warning

The equivalent force reproduces the reactions correctly, but not the internal forces: Q(z)
and M(x) inside the loaded region depend on how the load is distributed. Use the
equivalent force for the free body diagram of the whole beam, and the integration method
for the internal forces.
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i Chapter Summary

This chapter introduced internal forces and the equilibrium of beams:

e Free body diagrams: reveal internal forces by making hypothetical cuts through
a structure

e Internal force variables: normal force N, shear force () and bending moment M,
with sign conventions (N > 0 elongates, M > 0 puts the bottom in tension)

o Equilibrium of the infinitesimal beam element: ¢(z) = —dQ/dz and Q(z) =
dM /dx

e Integration method: integrate the load and fix the constants with boundary
conditions (hinges M = 0; free ends M =0, Q = 0)

o Concentrated loads: a point force is ¢ = F§(z — a); @ jumps by —F and M has
a kink; Heaviside 6 is the integral of §

o Concentrated moments: dM /dz = Q—m; M jumps under a concentrated couple

e Equivalent force of a distributed load: area under the load, acting at its centroid

This is the equilibrium step for beams. Chapter 5 describes how beams deform, and
Chapter 6 derives the same equations from virtual work.

18




	Free body diagrams
	Internal force variables
	Distributed loads
	Governing equations
	Example: Fixed cantilever
	Concentrated loads: Dirac delta and Heaviside step
	Example: cantilever with a point force
	Jumps in the internal forces
	Statically determinate and overconstrained beams

	Resultant of a distributed load

